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We review Ginzburg-Landau theory for color superconductors. This review ranges from
homogeneous superuid phases near the transition temperature to uctuations and inhomo-
geneities.
x1. Introduction
The equilibrium properties of dense quark and hadronic matter such as the equa-
tion of state, the composition and the phase diagram are essential to understanding
of the physics of atomic nuclei, heavy-ion collisions, neutron star interiors and stellar
collapse. Theoretically, these properties are still elusive because the energy scale of
interparticle interactions is larger than the kinetic energy scale except in the asymp-
totically high density regime. The strong coupling nature involved is expected to
become clearer by future lattice QCD calculations at nite baryon densities. At
asymptotically high densities, color superconductivity, which we will focus on in this
work, is predicted to occur in the low-temperature region.
1); 2)
In this density regime,
one-gluon exchange, which dominates the color interactions between quarks, gives
rise to an attractive force in the color antitriplet channel. The crucial features of
color superconductivity are superuidity and the color Meissner eect. The super-
uidity is ensured by the presence of a condensate of quark Cooper pairs, which in
turn leads to the color Meissner eect through color charge carried by the Cooper
pairs.
The possibility that quark matter occurs in laboratories and in stars has been
considered for the past three decades,
3)
and now the possible presence of a diquark
condensate in quark matter renews our interest. Then, how would a color supercon-
ductor behave in real situations? There are many questions which include strong
coupling eects at low densities, the inuence of thermal uctuations on the phase
transition, response to magnetic eld and rotation, and complicated phase structure
of neutral quark matter in the presence of nonzero strange quark mass through Fermi
momentum dierences between paired quarks. In this talk we thus focus on general
Ginzburg-Landau analysis near the transition temperature T
c
, which allows us to
systematically examine the above-mentioned features.
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x2. Homogeneous phases near T
c
We begin with a phase diagram of homogeneous superuid quark matter near
T
c
.
4)
First, we consider a system of massless quarks of three avors and three colors,
and we assume that the Fermi momentum k
F
is common to all colors and avors,
as is the case with the normal state. The Cooper pairing of interest here is a di-
quark channel of even parity, same chirality and zero total angular momentum, and
antisymmetric in color and avor space. The corresponding pairing gap is scalar in
ordinary spacetime, and has a color and avor structure written by
(
+
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"
ijl
(d
c
)
l
(k); (1)
where k is the relative four-momentum of the pair, (a; b) and (i; j) are colors and
avors of paired quarks, and d
c
is the complex vector in avor space. For this
pairing channel, we can obtain the thermodynamic potential dierence between the
superuid and normal phases near T
c
in such a way that each term is invariant under
global U(1) gauge transformation and avor and color rotations. The result reads
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where d
a
is written at jkj = k
F
and on the quasiparticle mass shell. We treat
the coecients , 
1
and 
2
as free parameters, although in principle they can be
calculated as functions of temperature T and baryon chemical potential . That is
why the present Ginzburg-Landau analysis can be called general.
By minimizing the thermodynamic dierence (2), we nd that there are two
optimal states.
4) { 6)
One is the two-avor color superconducting (2SC) state in which
there is a favored direction in color and avor space (only two colors and avors are
gapped), and the other is the color-avor locked (CFL) state in which there is no
favored direction in color and avor space (all colors and avors are equally gapped).
The 2SC state fullls
d
R
k d
G
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d

R
 d
G
= d

G
 d
B
= d

B
 d
R
= 0; jd
R
j = jd
G
j = jd
B
j: (4)
Figure 1 exhibits a phase diagram in the space of the fourth-order coecients 
1
and 
2
. The CFL and 2SC phases are reached by a second-order transition, while the
remaining region, in which the overall fourth-order term is not positive denite, is
reached by a rst-order transition. In the weak coupling limit, the pairing interaction
is mediated by soft magnetic gluons and hence long-ranged, while the Ginzburg-
Landau parameters can be written in the usual BCS form:
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where N(=3) = (1=2
2
)(=3)
2
is the density of states at the Fermi surface. In this
limit the CFL state is more favorable than the 2SC state.
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We now introduce a leading feedback correction,
7)
which occurs within the
framework of the self-consistent mean-eld approximation through the gap depen-
dence of the polarization function in the superconducting medium. The resul-
tant gap dependence of the pairing interaction is dominated by the color Meiss-
ner screening of the magnetic force, which is characterized by the color Meissner
masses, dependent on the gluon color index .
8)
Then, what is the feedback ef-
fect like? This depends on the color structure of the gap in a rather complicated
way. For the 2SC state, the Meissner masses as well as the sign of the one-gluon
exchange interaction depend on . In the case in which only red and green quarks
are paired, the pairing interaction is dominated by the gluons of color indices 1{
3, for which the Meissner screening does not work, while the repulsive force of
color index 8 is Meissner screened. Eventually, the Meissner screening acts to in-
crease the gap magnitude. For the CFL state, in which the Meissner screening
equally works for all gluon color indices, the gap magnitude is naturally reduced.
Fig. 1. Phase diagram near T
c
, exhibiting re-
gions where the 2SC and CFL phases are
reached by a second order transition as
well as where superuid states are reached
by a rst order transition since the overall
fourth order term in the Ginzburg-Landau
free energy can be negative.
7)
The param-
eters 
1
and 
2
are the fourth order coe-
cients in the Ginzburg-Landau free energy.
The cross denotes the weak coupling limit,
and the circle denotes the result including
the polarization eects of the color super-
conducting medium with g = 0:1.
Near T
c
, the resultant change in the gap
magnitude arises by a factor of order g.
The leading feedback eect clari-
ed here modies the fourth-order terms
of the Ginzburg-Landau free energy in
such a way as to prefer the 2SC state
over the CFL state. In fact, the modi-
ed parameters reads
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with g = g=3
p
2 and C = 0:409 : : :.
Accordingly, the position in the phase
diagram shifts downwards from the
weak coupling position (Fig. 1). As long
as the coupling g is small, however, the
CFL state remains more favorable. We
emphasize that the corrections are of or-
der g rather than T
c
= as encountered
in superuid helium 3 with short-range
pairing interaction.
In realistic situations, quark masses
are nonzero, and the system is charge
neutral and beta equilibrated with an
electron gas. Then, Fermi momentum
dierences arise between paired quarks
and complicate the melting pattern of
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diquark condensates. In this case, quarks forming Cooper pairs generally have mo-
menta close to the average Fermi momentum. When the average Fermi momentum
increases, the available momentum space for pairing increases, and then we get higher
transition temperatures. The melting pattern can be predicted in weak coupling in
the following way.
9)
A modied type of the CFL phase turns into the so-called dSC
phase in which only us pairing is broken, and then the dSC phase turns into the 2SC
phase, which in turn becomes normal. The appearance of the dSC phase reects the
tendency that the pairing involving d quarks is most favorable thanks to the largest
Fermi momentum of d quarks.
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Fig. 2. Transition temperatures of the three-
avor color superconductor in weak cou-
pling:
9)
(a) all quarks are massless; (b)
nonzerom
s
in the quark propagator is con-
sidered; (c) electric charge neutrality is fur-
ther imposed. The numbers attached to
the arrows are in units of T
c
.
This melting pattern can be clar-
ied by calculating corrections by
nonzero s quark mass to the Ginzburg-
Landau free energy. First, due to
nonzero s quark mass, the Fermi mo-
mentum of s quarks is reduced, and thus
the pairing associated with s quarks is
suppressed. Second, electric neutrality
and weak equilibrium combine to re-
duce the chemical potential of u quarks,
and then the pairing associated with u
quarks is suppressed. These two eects
are of the same order, characterized by
free energy corrections
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where  = (3
2
=8
p
2)(m
2
s
=g)(3=)
2
is a small dimensionless parameter. The appear-
ance of the coupling constant in this parameter originates from long-range nature of
magnetic interactions. These two terms control the melting pattern of the diquark
condensates in the weak coupling limit.
In the massless limit, as we showed, the CFL phase is more favorable than
the 2SC phase below T
c
. Once m
s
sets in, the density of states of s quarks is
reduced. Then, the CFL phase becomes anisotropic in avor space and has its critical
temperature lowered (Fig. 2). Eventually the 2SC phase in which only ud pairing
is active is allowed to occur between the normal and modied CFL phases. When
charge neutrality sets in, furthermore, the density of states of u quarks is reduced,
and the dSC phase in which only us pairing is broken intervenes between the 2SC
and modied CFL phases. We note that this pattern of second order transitions is
very similar to the one seen in superuid
3
He under magnetic elds.
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x3. Fluctuations and inhomogeneities
Thus far, we discussed homogeneous phases in mean-eld theory. Let us now
turn to uctuations and inhomogeneities, which act to modify the energy landscape
obtained for homogeneous phases. For example, rotations and magnetic elds di-
rectly modify the landscape. Near T
c
, thermal uctuations develop in local minima
and modify the landscape. For temperatures close to zero, a homogeneous neutral
phase can be unstable with respect to inhomogeneous uctuations. The key quantity
when we consider these situations is the gradient energy.
The lowest order gradient energy arises from inhomogeneities of wavelengths
large compared with the zero-temperature coherence length. In the absence of real
photon and gluon elds, A and A

, the gradient energy takes a general form:
10)
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where the pairing gap depends on the center of mass coordinate of the pair. This term
is invariant under global U(1) gauge transformation and avor and color rotations.
The superuid momentum (baryon current) density g
s
(j
s
) near T
c
can then be
obtained from this gradient energy in terms of the stiness parameter K
T
and the
pairing gap as
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The baryonic supercurrent j
s
is essential to the response to rotation. We can now
incorporate the real photon and gluon elds into the gradient energy by the covariant
derivative D
l
in such a way that the gradient energy is invariant under color and
electromagnetic local gauge transformations of the quark spinors. Consequently,
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:
electric charge of avor i), and for g
s
and j
s
, the derivative in Eq. (11) is replaced
by the covariant derivative. Note that this kind of the gradient energy occurs even
at zero temperature, but this is not sucient because the expansion with respect to
the gap does not hold.
From the total free energy dierence including the gradient energy (12) and the
kinetic energies of real photon and gluon elds, one can obtain an optimal solution
under magnetic elds and in the rotating frame. We consider the massless limit for
simplicity. The responses to magnetic elds and rotation are qualitatively dierent
between the CFL and 2SC condensates.
10); 11)
Under rotation, for example, the CFL
state behaves like superuid helium and trapped alkali atoms, while the 2SC state
behaves like ordinary superconductors. This is interesting because pulsar glitches,
which are considered to be associated with pinning and depinning of rotational vor-
tices, might suggest the presence of the CFL condensate in neutron stars.
12)
Even in the CFL phase, the structure of magnetic vortices is a subtle problem.
A naive optimal solution corresponds to a vortex associated with the winding of the
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color-avor SU(3) phase and a massive photon-gluon mixed eld.
13); 11)
The vortex
structure is complicated because it is composed of two diquark elds. However,
at zero eld, it is known to be unstable with respect to expansion of the vortex
core.
14)
This caveat does not occur for an alternative solution, which is semilocal in
the sense that Meissner screening of supercurrents occurs only partially. Because of
that, however, it has a large line energy. Just recently, a dierent kind of solution
was proposed.
15)
This is not associated with the phase winding of diquark elds, but
inhomogeneous gluon condensate which leads to paramagnetic response to a massless
photon-gluon mixed eld.
Let us turn to uctuations around the mean eld in the massless limit. Near
T
c
, thermally uctuating gluon and diquark elds do exist, and they can change the
behavior of the phase transition. By using the Ginzburg-Landau free energy, which
is kind of three dimensional eective theory, we can calculate mean-square thermal
uctuations in the Gaussian approximation where interactions between uctuations
can be ignored:
16)
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is the mean 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that minimizes Eq. (2).
)
Here we have introduced an ultraviolet cuto, which is of
order T
c
, because the Ginzburg-Landau framework is only valid for long wavelength
distortions of the condensate. The masses of the 18 diquark elds [(m
d
)

] and the
8 gluon elds [(m
A
)

] are tabulated in Table I, some of which are zero because of
the degeneracy of the states belonging to each phase and also because of unbroken
local color symmetry. Note that the masses thus obtained are dierent between the
CFL and 2SC states. In weak coupling, uctuations in the gluon elds are more
important than those in the diquark elds, and they aect the thermodynamics in
such a way as to favor the 2SC state over the CFL state.
We then consider how the thermal uctuations aect the phase diagram near T
c
as shown in Fig. 1. As far as the lowest order gradient energy is concerned, we already
have an overall picture thanks to detailed lattice calculations by Digal, Hatsuda and
Ohtani.
17)
Interestingly, full calculations including diquark uctuations provide a
phase diagram similar to the one obtained from Gaussian gluon uctuations alone,
although the Gaussian approximation is valid only in the weak coupling limit. We
)
Here, color a and avor i are chosen in such a way as to diagonalize h(d)

(d)

i.
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Table I. The inverse squared correlation lengths of uctuations in the diquark and gluon elds.
16)
The number of modes corresponding to each correlation length is given in parentheses.
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remark that now the transitions become rst order. However, this is not the end of
the story at all even in the weak coupling limit. As we know from Pippard supercon-
ductors, a scale of magnetic penetration can be too small for the Ginzburg-Landau
framework to work. In fact, Giannakis et al:
18)
calculated the rst order transition
temperature by including short wavelength gluon uctuations in the Pippard regime,
and concluded that the jump of the transition temperature is of order g rather than
g
2
.
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Fig. 3. The possible phase structures implied
by a stability analysis on the B
W
ver-
sus = plane.
20)
Here, the parameter
B
W
, normalized by a typical value B
W
0
=
50 MeV fm
5
, characterizes the stiness
of the density gradients,  is the chemi-
cal potential separation between u and d
quarks, and  is the homogeneous gap.
The line labeled with x
2
is determined by
the condition that the overall gradient en-
ergy vanishes, whereas the dashed line la-
beled with x
1
, in the left (right) of which
the system tends towards a mixed (sepa-
rated) state, indicates the criterion that the
size of the normal and BCS domains be-
comes of the order of the electron screening
length.
Finally, we turn our focus all the
way to temperatures close to zero. As
discussed by Rischke,
19)
instabilities of
gapless phases are one of the most im-
portant issues in color superconductiv-
ity. Since these instabilities are gen-
erally associated with complicated in-
homogeneous uctuations, a systematic
analysis is needed for clarifying the -
nal destination, but it is a hard task
to do. We need to consider uctua-
tions not only in the phase and am-
plitude of the order parameter, but
also in the quark and electron densi-
ties. The nal destination could be ei-
ther a Larkin-Ovchinnikov-Fulde-Ferrell
(LOFF) state without amplitude oscil-
lations, a LOFF state with amplitude
oscillations, a BCS-normal mixed state
or a BCS-normal phase separated state.
The key quantity that helps discern
among these states is the energy arising
from the order parameter gradients and
the density gradients.
20)
That is why
the gradient energy is important also at
zero temperature.
By using a simple model for energy
density functional, we mapped out what
kind of states could be the true ground state in the space of the parameters charac-
terizing the chemical potential separation between u and d quarks and the stiness
of the density gradients (see Fig. 3). For simplicity we ignore strange quarks. Even
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in this case, the situation is quite complicated. When the chemical potential dier-
ence is larger than the magnitude of the gap, inhomogeneous uctuations in the gap
magnitude spontaneously develop in the homogeneous system, and then normal and
BCS domains should be formed. Basically, the stiness parameter in the density
gradient terms, whose prototype was derived by Weiszacker,
21)
controls the size of
the normal and BCS domains just like the case of atomic nuclei. When the size is
of the order of the coherence length, a LOFF state is predicted to occur. For much
larger size, the system could be a BCS-normal mixed state or a BCS-normal phase-
separated state, according to whether the size of the domains is smaller or larger
than the screening length by an electron gas.
x4. Conclusion
The Ginzburg-Landau approach to color superconductivity helps us examine
various eects as may be encountered in a real situation. Needless to say, it is
important to know the parameters characterizing the Ginzburg-Landau free energy.
Rigorous calculations of these parameters are possible in weak coupling, while in
strong coupling, we have to rely on empirical data from lattice calculations and so
on. That is why the Ginzburg-Landau theory is more or less phenomenological.
We hope that next steps will cover competition and coexistence with dierent types
of order parameters such as chiral condensates,
22)
and also higher order gradient
energies, which are crucial for clarifying uctuations and inhomogeneities.
We wish to thank Gordon Baym, Kenji Fukushima, Tetsuo Hatsuda, Taeko Matsuura and
Motoi Tachibana for continuing discussion on this subject.
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